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Single inclusive hadron production at forward rapidity in high energy p+A collisions is an impor-
tant probe of the high gluon density regime of QCD and the associated small-x formalism. We revisit
an earlier one-loop calculation to illustrate the significance of the “rapidity factorization” approach
in this regime. Such factorization separates the very small-x unintegrated gluon density evolution
and leads to a new correction term to the physical cross section at one-loop level. Importantly, this
rapidity factorization formalism remedies the previous unphysical negative next-to-leading order
contribution to the cross section. It is much more stable with respect to “rapidity” variation when
compared to the leading-order calculation and provides improved agreement between theory and
experiment in the forward rapidity region.
Introduction. As the theory of strong interactions,
Quantum Chromodynamics (QCD) [1] has been exten-
sively tested and verified. In particular, QCD in the
weak coupling regime has been very successful in pre-
dicting and interpreting high energy scattering processes
in fixed target and collider experiments. Such a success
is based on the well-established QCD collinear factor-
ization formalism [2], which describes the hadron as a
dilute system of partons. It was subsequently found that
the parton densities (especially the gluon density) grow
dramatically when the longitudinal momentum fraction
x carried by a parton in a proton becomes very small due
to bremsstrahlung processes. Such a fast growth would
violate the fundamental principle of unitarity and cannot
be sustained. It is, thus, expected that the gluon density
will eventually become so large that a non-linear regime,
called a saturation regime [3], will be reached. Another
characteristic of the small-x regime is that external hard
probes will interact with the partons in a nucleon or a
nucleus coherently rather than independently [4, 5]. In
recent years, the high parton density limit has become
one of the most active research topics for QCD theory.
The quest to identify the quantum coherent scattering
regime is a critical goal for the ongoing experiments at
the Relativistic Heavy Ion Collider (RHIC) and the Large
Hadron Collider (LHC). It is a corner stone of the physics
program for the planned Electron Ion Collider (EIC) [6].
Single forward hadron production in high energy
proton-nucleus (p+A) collisions constitutes one of the
key observables in searching for gluon saturation. The
observed suppression of inclusive hadrons at forward ra-
pidity in d+Au collisions at RHIC [7] has provided evi-
dence for the significance of cold nuclear matter effects,
among them coherent multiple scattering. However, in
the small-x formalism, experimental data are still mostly
interpreted via leading order (LO) calculations [8, 9]. A
significant step forward is the first calculation of forward
hadron production at next-to-leading order (NLO) [10].
However, the resulting one-loop correction in this ap-
proach is negative. At moderate and large transverse
momenta it dominates the cross sections, which become
negative (and unphysical) [11].
In this paper we demonstrate that besides the well-
known standard collinear factorization, which sepa-
rates the short-distance dynamics from the long-distance
physics, one has to pay close attention to the so-called
“rapidity factorization” regime. It necessitates a rapidity
cut-off to separate the very small-x unintegrated gluon
density evolution from the finite one-loop contributions.
We revisit the NLO calculation for forward hadron pro-
duction in high energy p+A collisions to show that such
a procedure leads to a new NLO correction term. This
term remedies the unphysical negative one-loop cross sec-
tion obtained in [11]. The new formalism also leads to
much less sensitivity to the choice of “rapidity” factor-
ization scale at NLO in comparison to LO results and
improved agreement between data and theory.
Rapidity factorization. The mechanism of inclusive
hadron production at forward rapidities in p+A colli-
sions, p+A→ h+X , in the small-x regime at LO can be
described as follows: an energetic parton (either quark or
gluon) from the proton scatters coherently on the gluon
field of the nucleus, as it penetrates the target, and then
fragments into the final-state hadron. Let us focus on
the situation where a quark from the proton undergoes
such scattering (qA→ q) to demonstrate the formalism.
The differential cross section at forward rapidity y and
transverse momentum p⊥ is given by [8, 9]
dσ
dyd2p⊥
=
∫ 1
τ
dz
z2
Dh/q(z)xpfq/p(xp)F(xg, k⊥), (1)
where the sum over quark flavors is suppressed for sim-
plicity, k⊥ = p⊥/z, and τ =
p⊥√
s
ey. fq/p(xp) is the
collinear parton distribution function (PDF) in the pro-
ton with xp = τ/z andDh/q(z) is the fragmentation func-
tion (FF). xg is the longitudinal momentum fraction of
the probed gluons in the nucleus and is given by xg = xA
with xA =
p⊥
z
√
s
e−y. All the information for the transverse
momentum transfer from coherent multiple scattering is
contained in F(xg, k⊥), the so-called unintegrated gluon
2distribution defined as
F(xg, k⊥) =
∫
d2b⊥d2b′⊥
(2π)2
e−ik⊥·(b⊥−b
′
⊥
)S(2)(b⊥, b′⊥), (2)
where S(2)(b⊥, b′⊥) is the dipole scattering amplitude
given by S(2)(b⊥, b′⊥) =
1
Nc
〈
Tr
[
U(b⊥)U †(b′⊥)
]〉
. Here
U(b⊥) = P exp
{
igs
∫ +∞
−∞ dx
+tcA−c (x
+, b⊥)
}
is the Wil-
son line in the small-x formalism.
Let us now concentrate on the NLO calculation, in
which we have to consider both real and virtual cor-
rections. The calculation is standard in the so-called
light-front perturbation theory [12], and the result can
be written as the sum of three terms [10], dσ/dyd2p⊥ =
IR + IV + IY . The expressions are given by
IR =αsCF
∫ 1
τ
dz
z2
Dh/q(z)
∫ 1
τ/z
dξ
1 + ξ2
(1− ξ)+
xfq/p(x)
∫
d2b⊥d2b′⊥d
2x⊥
(2π)4
e−ik⊥·(b⊥−b
′
⊥
) 2(x⊥ − b⊥) · (x⊥ − b
′
⊥)
(x⊥ − b⊥)2(x⊥ − b′⊥)
2
×
[
S(2)(b⊥, b′⊥) + S
(2)(v⊥, v′⊥)− S
(3)(b⊥, x⊥, v′⊥)− S
(3)(v⊥, x⊥, b′⊥)
]
, (3)
IV =− 2αsCF
∫ 1
τ
dz
z2
Dh/q(z)xpfq/p(xp)
∫ 1
0
dξ
1 + ξ2
(1− ξ)+
∫
d2v⊥d2v′⊥d
2u⊥
(2π)4
e−ik⊥·(v⊥−v
′
⊥
) 2
u2⊥
×
[
S(2)(v⊥, v′⊥)− S
(3)(b⊥, x⊥, v′⊥)
]
, (4)
IY =
∫ 1
τ
dz
z2
Dh/q(z)xpfq/p(xp)
∫
d2b⊥d2b′⊥
(2π)2
e−ik⊥·(b⊥−b
′
⊥
)
×
{
αsNc
2π2
∫ 1
0
dξ
1− ξ
∫
d2x⊥
(b⊥ − b′⊥)
2
(b⊥ − x⊥)2(x⊥ − b′⊥)
2
[
S(4)(b⊥, x⊥, b′⊥)− S
(2)(b⊥, b′⊥)
]}
, (5)
where S(3) and S(4) are multi-point gluon correlators
defined in [10, 13]. Both IR and IV are finite when
ξ → 1 but they contain collinear divergences. To see
the collinear divergences explicitly and, thus, regularize
them, it is useful to work in momentum space. We use
dimensional regularization in n = 4− 2ǫ dimensions with
the change
∫
d2q⊥
(2π)2
→ µ2ǫ
∫
d2−2ǫq⊥
(2π)2−2ǫ
. (6)
In momentum space the collinear divergences are mani-
fest, as demonstrated in [10, 14]. They can be absorbed
into the redefinition of either the PDF fq/p(x) or the
FF Dh/q(z), which leads to the well-known DGLAP evo-
lution equations for PDFs and FFs [10, 15]. Such a
collinear factorization procedure introduces a factoriza-
tion scale (µ) dependence [16]. Since µ is an artificial
scale, the physical cross section should not depend on
it in an all-order result. In practice, since one can only
calculate to finite order, some residual µ-dependence re-
mains. However, it should be reduced in the NLO calcu-
lation compared with the LO result and the cross section
at NLO is expected to have smaller uncertainty [11].
On the other hand, IY is divergent in the limit ξ → 1.
This is the so-called rapidity divergence. It is instructive
to realize that for forward hadron production we have
∫ 1
0
dξ
1− ξ
=
∫ 1
0
dξg
ξg
=
∫ ∞
0
dyg =
∫ Y
−∞
dyA, (7)
where ξg = 1−ξ is the momentum fraction of the projec-
tile quark carried by the radiated gluon, with yg = ln 1/ξg
the rapidity of the radiated gluon w.r.t. the projectile
proton. On the other hand, yA = Y − yg is the ra-
pidity of the radiated gluon w.r.t. the target nucleus,
where Y = ln(s/m2p) is the rapidity interval between
the projectile proton and the target nucleus 1, with s
(mp) the center-of-mass energy squared (nucleon mass).
The divergence occurs when yA → −∞, thus the name
“rapidity divergence”. Rapidity divergence is a general
feature [17] when one uses the transverse momentum de-
pendent distributions, e.g. F(xg , k⊥) in our case. It is
very easy to see from Eq. (5) that such a divergence dis-
appears when one integrates over k⊥ [10]. Realizing that
∫ Y
−∞
dyA =
∫ Y0
−∞
dyA +
∫ Y
Y0
dyA, (8)
following the ideas of collinear factorization, we compare
IY to the LO result in Eq. (1) and see that one should
absorb this divergence into the redefinition of the dipole
1 Strictly speaking, Y should be the rapidity interval between the
projectile quark and the target nucleus. However, we are using
the so-called hybrid formalism [8–10], in which the projectile
quark is purely collinear to the parent proton without transverse
momentum. In this case we have quark momentum pq ≈ xpp
with p the proton momentum, and thus the quark rapidity is the
same as the proton rapidity.
3scattering amplitude
S
(2)
Y0
(b⊥, b′⊥) = S
(2)(b⊥, b′⊥) +
αsNc
2π2
∫ Y0
−∞
dyA
×
∫
d2x⊥
(b⊥ − b′⊥)
2
(b⊥ − x⊥)2(x⊥ − b′⊥)
2
×
[
S(4)(b⊥, x⊥, b′⊥)− S
(2)(b⊥, b′⊥)
]
. (9)
Here, the rapidity cut-off Y0 is introduced to separate
the “fast” and “slow” gluon fields [18, 19]. The Y0-
dependence for the renormalized dipole gluon distri-
bution S
(2)
Y0
(b⊥, b′⊥) leads to the well-known Balitsky-
Kovchegov (BK) evolution equation [19, 20]
∂
∂Y0
S
(2)
Y0
(b⊥, b′⊥) =
αsNc
2π2
∫
d2x⊥
(b⊥ − b′⊥)
2
(b⊥ − x⊥)2(x⊥ − b′⊥)
2
×
[
S
(4)
Y0
(b⊥, x⊥, b′⊥)− S
(2)
Y0
(b⊥, b′⊥)
]
. (10)
After the subtraction, a finite correction appears from
the rapidity factorization procedure
∆HY =
αsNc
2π2
∫ 1
τ
dz
z2
Dh/q(z)xpfq/p(xp)
∫ Y
Y0
dyA
×
{∫
d2b⊥d2b′⊥d
2x⊥
(2π)2
(b⊥ − b′⊥)
2
(b⊥ − x⊥)2(x⊥ − b′⊥)
2
× e−ik⊥·(b⊥−b
′
⊥
)
[
S(4)(b⊥, x⊥, b′⊥)− S
(2)(b⊥, b′⊥)
]}
.
(11)
As we will show later, it is this new correction term that
was missed in [11] and which ensures that the NLO cross
section is positive definite 2. Similarly to the collinear
factorization case, a rapidity cut-off scale Y0 is intro-
duced in rapidity factorization. The physical cross sec-
tion should also be independent of such a rapidity cut-off
in the all-order result. In our finite order calculation some
residual Y0-dependence is expected to remain. However,
it should be reduced at NLO when compared to the LO
result. One can choose the gluon rapidity cut-off to be the
one related to the gluon momentum fraction from the LO
kinematics, e.g. xg = xA. Unlike the usual collinear fac-
torization, which can be seen as separating perturbative
from nonperturbative physics, both rapidity separated
parts have perturbative and nonperturbative contribu-
tions at the same time [18].
Let us now better understand the rapidity correction
term ∆HY in Eq. (11). In particular, we would like
2 In principle, one could choose the rapidity cut-off Y0 = Y
such that the correction term ∆HY vanishes. However, in this
case, one has to allow the dipole gluon distribution S(2)(b⊥, b
′
⊥
)
evolves up to rapidity Y = ln(s/m2p) instead to the typical gluon
rapidity in the target nucleus ∼ ln 1/xg as we will show be-
low. Nevertheless, we could regard such a choice as a different
scheme [21].
to know whether it contains any collinear divergence.
For this purpose, we transform the result to momentum
space. The term ∝ S(2)(b⊥, b′⊥) in the bracket {· · · } can
be written as follows
I2 =2
∫
d2q⊥
q2⊥
F(xg, k⊥)− 2
∫
d2q⊥
(k⊥ − q⊥)2
F(xg, q⊥)
→ 2π
∫
d2b⊥d2b′⊥
(2π)2
e−ik⊥·(b⊥−b
′
⊥
)S(2)(b⊥, b′⊥)
×
[
1
ǫˆ
+ lnµ2 − ln
c20
(b⊥ − b′⊥)
2
]
, (12)
where in the second step we use dimensional regular-
ization following Eq. (6) with 1/ǫˆ = 1/ǫ − γE + ln 4π
and c0 = 2e
−γE . On the other hand, the second term
∝ S(4)(b⊥, x⊥, b′⊥) in Eq. (11) is given by
I4 =
∫
d2ℓ⊥d2q⊥
(ℓ⊥ − q⊥) · (ℓ⊥ − k⊥)
(ℓ⊥ − q⊥)2(ℓ⊥ − k⊥)2
(
G(xg , q⊥, k⊥)
+ G(xg , k⊥, q⊥)
)
− 2
∫
d2ℓ⊥d2q⊥
×
(q⊥ − k⊥) · (ℓ⊥ − k⊥)
(q⊥ − k⊥)2(ℓ⊥ − k⊥)2
G(xg , q⊥, ℓ⊥)
→
∫
d2b⊥d2b′⊥
2π
e−ik⊥·(b⊥−b
′
⊥
)S(2)(b⊥, b′⊥)
[
1
ǫˆ
+ lnµ2
]
− π
∫
d2q⊥ ln(k⊥ − q⊥)2
(
G(xg , q⊥, k⊥)
+ G(xg , k⊥, q⊥)
)
, (13)
where G(xg , k⊥, q⊥) is defined as
G(xg , k⊥, q⊥) =
∫
d2b⊥d2b′⊥d
2x⊥
(2π)4
e−ik⊥·(b⊥−x⊥)
× e−iq⊥·(x⊥−b
′
⊥
)S(4)(b⊥, x⊥, b′⊥). (14)
Finally, we can write the rapidity factorization correction
term in Eq. (11) as
∆HY =
αsNc
π
∫ 1
τ
dz
z2
Dh/q(z)xpfq/p(xp)
∫ Y
Y0
dyA
×
[∫
d2b⊥d2b′⊥
(2π)2
e−iq⊥·(b⊥−b
′
⊥
)S(2)(b⊥, b′⊥) ln
c20
(b⊥ − b′⊥)
2
−
1
2
∫
d2q⊥ ln(k⊥ − q⊥)2
(
G(xg , q⊥, k⊥) + G(xg , k⊥, q⊥)
)
−
1
π
∫
d2ℓ⊥d2q⊥
(q⊥ − k⊥) · (ℓ⊥ − k⊥)
(q⊥ − k⊥)2(ℓ⊥ − k⊥)2
G(xg , q⊥, ℓ⊥)
]
.
(15)
In other words, the 1/ǫˆ + lnµ2 term cancels between
Eqs. (12) and (13). This indicates that the rapidity di-
vergence and collinear divergence are well separated, and
thus can be factorized independently.
Numerical results. To illustrate our NLO calcu-
lation, we use the GBW model [22] to parametrize
the dipole scattering amplitude: S(2)(b⊥, b′⊥) =
410
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FIG. 1. Comparison of h− spectra obtained in the small-x
formalism with fixed µ2 = 10 GeV2 to BRAHMS data [7].
exp
[
−(b⊥ − b′⊥)
2Q2s(x)/4
]
. The saturation scale in a
nucleus with atomic number A is given by Q2s(x) =
cA1/3Q2s0(x0/x)
λ, with Qs0 = 1 GeV, x0 = 3.04 × 10
−4
and λ = 0.288. We use c = 0.56 [23] for minimum bias
p+A collisions.
We first show that, within our rapidity factorization
scheme, the full NLO results with ∆HY in Eq. (15)
remedies the negative cross section from the calcula-
tion in Ref. [11]. In Fig. 1 we present comparison to
the BRAHMS h− data at y = 3.2 in d+Au collisions
at RHIC [7]. For consistency with [11], we choose the
collinear factorization scale µ2 = 10 GeV2. The red
dashed curve is the LO result, the blue solid curve is our
NLO calculation (including the new rapidity correction
term ∆HY ), while the black dotted curve is the previous
NLO result that becomes negative for p⊥ >∼ 2.5 GeV [11].
We have checked that the formalism presented here yields
positive-definite cross sections for variety of rapidities
and center of mass energies in the physical kinematic p⊥
region.
Of course, one should choose the collinear factoriza-
tion scale µ to be related to the typical momentum scale
in the hard process (e.g. p⊥ of the hadron). In Fig. 2
we plot a new comparison to the BRAHMS data with
µ = p⊥. The red dashed curve shows the LO result, the
blue solid curve shows our NLO calculation (with ∆HY
included). At one loop we find a good description of the
experimental data. At higher p⊥ our NLO corrections
enhances the cross section as expected, since it includes
the gluon radiation processes.
As we emphasized earlier, the factorization scale µ-
dependence should be largely reduced in the NLO cross
section when compared to the LO results. We have ver-
ified that this is indeed the case, consistent with previ-
ous findings [11]. What is much more important is to
demonstrate the reduction in sensitivity to the rapidity
factorization scale Y0 = ln 1/xg. We plot in Fig. 3 the
ratio R = dNdyd2p⊥
∣∣∣
xg=κxA
/
dN
dyd2p⊥
∣∣∣
xg=xA
as a function
10
-7
10
-6
10
-5
10
-4
10
-3
10
-2
10
-1
1
0 0.5 1 1.5 2 2.5 3 3.5 4
LO
NLO
BRAHMS h- y=3.2
µ=p⊥
p⊥ (GeV)
dN
/d
yd
2 p
⊥ 
(G
eV
-
2 )
FIG. 2. Comparison of the LO and NLO results to BRAHMS
data [7]. We choose the collinear factorization scale µ = p⊥.
of κ = xg/xA, with xA being the typical gluon momen-
tum fraction at LO. It can be seen that for κ ∈ (0.25, 2)
the LO result has a variation of ±50%, while our NLO
result with the new rapidity correction ∆HY shows only
±10% variation. On the other hand, the previous re-
sult from [11] shows more than a factor of 2 variation.
In other words, the full NLO calculations provide predic-
tions that are much more stable with respect to variation
of both collinear factorization and rapidity factorization
scales.
Summary. In this paper we studied forward hadron
production in high energy p+A collisions within the
small-x formalism. We revisited the previous one-loop
calculation and demonstrated that besides the well-
known collinear factorization, which separates the short-
distance from the long-distance physics, one has to pay
close attention to the “rapidity factorization” regime.
It separates the small-x dynamics of “fast” and “slow”
gluon fields. The rapidity factorization procedure results
in a new next-to-leading order correction which remedies
0
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 N
(x g
=
x
A
)
FIG. 3. The rapidity factorization scale Y0 = ln 1/xg depen-
dence.
5the unphysical negative cross section from the one-loop
calculation of [11]. We also demonstrated that such fac-
torization formalism leads to much more stable and re-
liable cross section predictions at next-to-leading order.
We expect that our results will have important applica-
tions for small-x gluon saturation phenomenology.
This research is supported by the US Department of
Energy, Office of Science, and in part by the LDRD pro-
gram at LANL.
[1] H. Fritzsch, M. Gell-Mann and H. Leutwyler, Phys. Lett.
B 47, 365 (1973).
[2] J. C. Collins, D. E. Soper and G. F. Sterman, Adv. Ser.
Direct. High Energy Phys. 5, 1 (1988).
[3] L. V. Gribov, E. M. Levin and M. G. Ryskin, Phys. Rept.
100, 1 (1983); A. H. Mueller and J. -w. Qiu, Nucl. Phys.
B 268, 427 (1986).
[4] F. Gelis, E. Iancu, J. Jalilian-Marian and R. Venu-
gopalan, Ann. Rev. Nucl. Part. Sci. 60, 463 (2010).
[5] Z. -B. Kang, I. Vitev and H. Xing, Phys. Rev. D 85,
054024 (2012).
[6] A. Accardi, J. L. Albacete, M. Anselmino, N. Armesto,
E. C. Aschenauer, A. Bacchetta, D. Boer and W. Brooks
et al., arXiv:1212.1701 [nucl-ex]; D. Boer, M. Diehl,
R. Milner, R. Venugopalan, W. Vogelsang, D. Kaplan,
H. Montgomery and S. Vigdor et al., arXiv:1108.1713
[nucl-th].
[7] I. Arsene et al. [BRAHMS Collaboration], Phys. Rev.
Lett. 93, 242303 (2004).
[8] A. Dumitru and J. Jalilian-Marian, Phys. Rev. Lett. 89,
022301 (2002).
[9] J. L. Albacete and C. Marquet, Phys. Lett. B 687, 174
(2010).
[10] G. A. Chirilli, B. -W. Xiao and F. Yuan, Phys. Rev. Lett.
108, 122301 (2012); Phys. Rev. D 86, 054005 (2012).
[11] A. M. Stasto, B. -W. Xiao and D. Zaslavsky, Phys. Rev.
Lett. 112, 012302 (2014).
[12] J. D. Bjorken, J. B. Kogut and D. E. Soper, Phys. Rev.
D 3, 1382 (1971); G. P. Lepage and S. J. Brodsky, Phys.
Rev. D 22, 2157 (1980); S. J. Brodsky, H. -C. Pauli and
S. S. Pinsky, Phys. Rept. 301, 299 (1998).
[13] C. Marquet, Nucl. Phys. A 796, 41 (2007).
[14] A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl.
Phys. A 765, 464 (2006).
[15] Z. -B. Kang, E. Wang, X. -N. Wang and H. Xing, Phys.
Rev. Lett. 112, 102001 (2014); Z. -B. Kang, I. Vitev and
H. Xing, Phys. Rev. D 87, no. 3, 034024 (2013).
[16] For simplicity, here we have chosen the same factorization
scale for both PDFs and FFs. In principle, they don’t
have to be the same.
[17] J. C. Collins, Acta Phys. Polon. B 34, 3103 (2003).
[18] I. Balitsky, Phys. Rev. Lett. 81, 2024 (1998).
[19] I. Balitsky, Nucl. Phys. B 463, 99 (1996).
[20] Y. V. Kovchegov, Phys. Rev. D 60, 034008 (1999).
[21] I. Balitsky and G. A. Chirilli, Phys. Rev. D 87, 014013
(2013).
[22] K. J. Golec-Biernat and M. Wusthoff, Phys. Rev. D 59,
014017 (1998).
[23] A. Stasto, B. -W. Xiao and F. Yuan, Phys. Lett. B 716,
430 (2012).
